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We propose a qubit-environment entanglement measure which is tailored for evolutions that lead to pure
dephasing of the qubit, such as are abundant in solid state scenarios. The measure can be calculated directly form
the density matrix without minimization of any kind. In fact it does not require the knowledge of the full density
matrix, and it is enough to know the initial qubit state and the states of the environment conditional on qubit pointer
states. This yields a computational advantage over standard entanglement measures, which becomes large when
there are no correlations between environmental components in the conditional environmental states. In contrast
to all other measures of mixed state entanglement, the measure has a straightforward physical interpretation
directly linking the amount of information about the qubit state which is contained in the environment to the
amount of qubit-environmnent entanglement. This allows for a direct extension of the pure state interpretation of
entanglement generated during pure dephasing to mixed states, even though pure-state conclusions about qubit
decoherence are not transferable.
I. INTRODUCTION
Entanglement for mixed states is hard to understand on an
intuitive level. Already the notion of pure state entanglement
[1, 2] is very abstract, but still it translates into the existence
of information about the joint system state, which is not con-
tained in states describing each of the subsystems separately.
Defining mixed separable states as states which cannot be cre-
ated by local operations and classical communication (LOCC)
[3], or more simply, by separable operations from product
initial states [4], and entangled states as states which are not
separable, takes the question of what does it mean if a state
is entangled, to a whole new level. Nevertheless, mixed en-
tangled states can be useful, and there exist some tasks, which
will be achieved better with the help of a mixed entangled state
than by LOCC alone [3, 5–7].
In system-environment evolutions which lead to pure de-
phasing (PD) of the system, pure state entanglement has a
particularly meaningful interpretation. Entanglement, which
in this case is directly linked to system decoherence, describes
the amount information about the system state which can be
extracted from the environment [8–10]. It has been recently
shown for mixed states, that without such information transfer,
PD is not accompanied by entanglement generation [11, 12].
We propose a qubit-environment entanglement (QEE) mea-
sure which is applicable only for PD evolutions with a pure
initial qubit state and any state of the environment, which
can be calculated directly from the joint system-environment
state. It actually only requires the knowledge of the initial qubit
state and the evolution of the environment conditional on qubit
pointer states (hence diagonalization of matrices half the di-
mension of the joint system-environment state) and does not
require any sort of minimization. In the situation when there
are no correlations between different components of the condi-
tional environmental density matrices (such as spins, bosons,
etc.), the numerical problem reduces to diagonalization of
matrices the dimension of each component separately, which
allows to find the evolution of the measure for extremely large
environment. The measure therefore has strong computational
advantages.
The proposed measure fulfills the requirements for an en-
tanglement measure [3] within the bounds of its applicability,
as it allows to unambiguously determine separability, reduces
to a known entanglement measure for pure states, and behaves
appropriately under the set of allowed separable operations. In
contrast to all other measures of mixed state entanglement, the
measure has a straightforward physical interpretation, directly
linking information about the qubit state which is contained
in the environment to QEE. This means that the pure state
interpretation of entanglement for PD evolutions [8, 9] can be
directly extended to mixed states, even though the link between
entanglement and decoherence cannot [11–13].
The paper is organized as follows. In Sec. II we introduce
the class of systems under study and the separability criterion
characteristic for this kind of evolutions. In Sec. III we intro-
duce the proposed measure for PD entanglement and study its
basic properties. In Sec. IV we comment on the physical inter-
pretation of the measure linking information transfer and en-
tanglement. In Sec. V we show the computational advantages
of the measure over standard mixed state entanglement mea-
sures and illustrate this with an example in Sec. VI. Sec. VII
concludes the paper.
II. PURE DEPHASING EVOLUTIONS
We study systems of a qubit and its environment of dimen-
sion N initially in a product state with the qubit in a pure
state,
|ψ〉 = a|0〉 + b|1〉, (1)
and no limitations on the initial state of the environment, Rˆ(0),
so the whole system state can be written as σˆ(0) = |ψ〉〈ψ | ⊗
Rˆ(0). The interaction between them is limited to a class of
Hamiltonians which lead to PD of the qubit, and can always
be written as
Hˆ = |0〉〈0| ⊗ Vˆ0 + |1〉〈1| ⊗ Vˆ1, (2)
2where Vˆi , i = 0, 1, are arbitrary Hermitian operators acting on
the environment. This Hamiltonian can include a free qubit
term as long as it commutes with the qubit-environment (QE)
interaction, HˆQ = ε0 |0〉〈0| + ε1 |1〉〈1|, so that qubit states
|0〉 and |1〉 are pointer states [14, 15]. It can also include a
free environment term, HˆE , on which there are no limitations.
Hence the operators Vˆi are given by
Vˆi = εiIE + HˆE +
ˆ˜Vi, (3)
where IE is the unit operator in the environmental subspace and
the operators ˆ˜Vi describe the effect of the bare QE interaction
on the environment. This interaction termmust be of the same
form as the total Hamiltonian (2) with ˆ˜Vi instead of Vˆi.
For this class of Hamiltonians, the QE evolution operator
can be written in a particularly simple form,
Uˆ(t) = |0〉〈0| ⊗ wˆ0 + |1〉〈1| ⊗ wˆ1, (4)
with
wˆi(t) = exp(− i
~
Vˆit). (5)
This allows to formally find the QE density matrix at any time,
and for the specified initial state we have
σˆ(t) =
( |a|2 Rˆ00(t) ab∗Rˆ01(t)
a∗bRˆ10(t) |b|2 Rˆ11(t)
)
, (6)
with
Rˆij (t) = wˆi(t)Rˆ(0)wˆ†j (t). (7)
The density matrix is written in matrix form only in terms of
qubit pointer states.
As shown previously [11, 12], for this class of problems the
iff criterion of separability at time t is (it is also the criterion
for zero-discord [16, 17])
Rˆ00(t) = Rˆ11(t), (8)
meaning that the state (6) is separable iff the state of the en-
vironment conditional on one of the two pointer states of the
qubit is the same as the state of the environment conditional
on the other pointer state. Otherwise the qubit is entangled
with its environment. Separability by no means excludes qubit
decoherencewhich is proportional to TrRˆ01(t) (the only excep-
tion is the situation when the state of the environment is also
initially pure; then decoherence without entanglement is im-
possible [8, 9]). There are ample examples for realistic qubits
undergoing decoherence both accompanied by QEE [18, 19]
and not accompanied by QEE [13, 20–25]. There are even
more examples of systems which undergo PD, which have
never been classified in terms of their entangling or separable
nature [26–34].
III. QUBIT-ENVIRONMENT ENTANGLEMENT
MEASURE
In the following, we wish to show that the criterion (8) can
be used not only to determine if entanglement is present in
the system, but can be the basis for an entanglement measure,
since the amount of QEE is proportional to how different the
environmental states conditional on qubit pointer states, Rˆii(t),
i = 0, 1, actually are, as suggested by the results of Ref. [19].
To this end we propose the quantity
E[σˆ(t)] = 4|a|2 |b|2
[
1 − F
(
Rˆ00(t), Rˆ11(t)
)]
(9)
as a measure of entanglement for PD evolutions, or, more gen-
erally, for any state that can be written in the form (6), as such
states can be sometimes obtained for different classes ofHamil-
tonians under specific conditions for the initial state [35]. Here
a and b are the coefficients of the initial qubit superposition,
while the function F (ρˆ1, ρˆ2) =
[
Tr
√√
ρ1ρ2
√
ρ1
]2
denotes the
Fidelity, which varies between zero (for ρ1ρ2 = 0) and one (for
ρ1 = ρ2), and quantifies similarity between two density matri-
ces. The measure (9) yields zero for separable QE states and
one when the conditional states of the environment, Rˆ00(t) and
Rˆ11(t), have orthogonal supports, while the qubit is initially in
an equal superposition state, |a| = |b| = 1/
√
2.
It is important to note that similarity of the measure (9) to
the Bures distance in terms of the formula is superficial. To
be used as an entanglement measure, Bures distance requires
minimization over the set of all separable states [36–39], while
the proposed measure is directly evaluated from the final den-
sity matrix. We compare the distance between two conditional
density matrices of the environment, which only requires di-
agonalization of matrices of the same dimension as the en-
vironment. In fact, the proposed measure could be defined
using any measure of distance between density matrices, but
the Fidelity allows it to reduce to linear entropy for pure states.
Note that the measure becomes particularly straightforward
to computewhen the conditional environmental density matri-
ces Rˆii(t) retain a product form with respect to different com-
ponents of the environment (when joint qubit-environment
evolution is not accompanied by correlation buildup
within the environment), since F
(
ρˆa1 ⊗ ρˆb1 , ρˆa2 ⊗ ρˆb2
)
=
F
(
ρˆa1 , ρˆ
a
2
)
F
(
ρˆb1 , ρˆ
b
2
)
. This requires the parts of the Hamilto-
nian describing the free evolution of the environment as well as
the interaction Hamiltonian to be the sum of terms describing
each part of the environment (the Hamiltonian describing the
free evolution of the qubit always has this property), so that the
full Hamiltonian (2) can be written as Hˆ =
∑
k Hˆ
k , where the
index k labels the different environmental components. We
can then decompose the conditional evolution operators of the
environment, wˆi(t) = ⊗k wˆki (t). If there are no correlations
(classical or quantum) in the initial state of the environment,
Rˆ(0) = ⊗k Rˆk(0), then the density matrices of the environ-
ment conditional on the qubit pointer state also retain this
form, Rˆii(t) =⊗k Rˆkii(t). In this case
F
(
Rˆ00(t), Rˆ11(t)
)
=
∏
k
F
(
Rˆk00(t), Rˆk11(t)
)
, (10)
and much smaller matrices have to be diagonalized to find
the value of the PD entanglement measure. This feature does
not simplify the complexity of calculating any of the other
measures of mixed state entanglement.
3A. Pure states
Firstly, let us show that the measure (9) reduces to twice the
(normalized) linear entropy of the reduced density matrix of
either subsystem for pure states, which is a pure state entangle-
ment measure [40]. To this end we assume that the initial state
of the environment is pure, Rˆ(0) = |R〉〈R|, since the purity
of the initial qubit state is already assumed in the model, and
unitary evolution does not change purity. The linear entropy
of qubit state at time t, ρˆ(t) = TrE σˆ(t), is then given by
SL [ρˆ(t)] = 1−Trρˆ2(t) = 2|a|2 |b|2
(
1 −
〈R|wˆ†1(t)wˆ0(t)|R〉
2) .
(11)
Pure state Fidelity is given by F (|ψ1〉, |ψ2〉) = | 〈ψ1 |ψ2〉|2, so,
since the conditional evolution of the pure initial state of the
environment is given by |Ri(t)〉 = wˆi(t)|R〉 (corresponding
to the density matrices Rˆii(t) = |Ri(t)〉〈Ri(t)|), the Fidelity
between the two environmental states is F
(
Rˆ00(t), Rˆ11(t)
)
=〈R|wˆ†1(t)wˆ0(t)|R〉
2, reducing the QEE measure (9) to twice
the linear entropy,
E[σ(t)] = 2SL [ρˆ(t)] . (12)
Hence the measure (9) reduces to a known measure of pure
bipartite entanglement.
B. Separability
The measure (9) is equal to zero only in three situations;
when either of the initial qubit occupations is equal to zero,
|a|2 = 0 or |b|2 = 0, or when the Fidelity between the condi-
tional environmental states is equal to one, F
(
Rˆ00(t), Rˆ11(t)
)
=
1, so the two states are the same, Rˆ00(t) = Rˆ11(t). During PD
evolution, a qubit initially in one of its pointer states will never
become entangled, since the QE densitymatrix retains product
form. For all other initial states, the separability criterion (8)
is an iff condition of separability, so unit Fidelity unambigu-
ously signifies lack of QEE in the system. Therefore we have
E[σ(t)] = 0 iff there is no QEE in state σ(t) and the measure
(9) unambiguously signifies separability.
C. Maximum value of the measure
The situation when the QEE measure is equal to one is
much less straightforward. It requires the qubit to be initially
in an equal superposition state (|a| = |b| = 1/
√
2) and zero Fi-
delity between the two conditional environmental states. The
zero-Fidelity requirementmeans that Rˆ00(t) and Rˆ11(t) have or-
thogonal supports (Rˆ00(t)Rˆ11(t) = 0) or, restating the require-
ment equivalently, that the eigenstates of Rˆ00(t) with non-zero
eigenvalues occupy a different subspace than the eigenstates
of Rˆ11(t) with non-zero eigenvalues. Such orthogonality of
environmental states, which can naturally occur during PD
evolution, is important for the emergence of objectivity [41–
45] and has been studied in detail in this context [46], where
it has been called “strict orthogonality”. The upper limit of
the measure (9) is obtained for exactly the same set of states,
for which it would be obtained using any convex-roof entan-
glement measure, such as Entanglement of Formation (EOF)
[47, 48].
To show this, let us first study some properties of the QE
density matrix (6) when the “strict orthogonality” condition
is fulfilled, and the qubit is initailly in an equal superposition
state. It is convenient to express all of the Rˆij (t)matrices with
the help of the environmental state conditional on the qubit
being in state |0〉, Rˆ00(t),
Rˆ11(t) = wˆ(t)Rˆ00(t)wˆ†(t), (13a)
Rˆ01(t) = Rˆ00(t)wˆ†(t), (13b)
Rˆ10(t) = wˆ(t)Rˆ00(t), (13c)
where wˆ(t) = wˆ1(t)wˆ†0(t). Furthermore, we can express the
matrix Rˆ00(t) in its eigenbasis,
Rˆ00(t) =
∑
n
cn |n(t)〉〈n(t)|. (14)
The eigenbasis can be time-dependent, while the eigenvalues
cn are not. They are the same eigenvalues present in the initial
state of the environment, Rˆ(0) = Rˆ00(0) = ∑n cn |n(0)〉〈n(0)|,
since the matrices are obtained from one another via a unitary
operation. Since the same logic applies to the other condi-
tional state of the environment Rˆ11(t), it is obvious that for
the “strict orthogonality” condition to be fulfilled, the number
of eigenstates with non-zero eigenvalues of the initial state of
the environment cannot exceed half of the whole dimension of
the environment. This in turn limits the initial purity of the
environment to at least twice the minimum purity allowed for
a given environment size (the “strict orthogonality” condition
cannot be fulfilled for states with lower initial purity) [46].
Using eqs. (13) and the basis states (14) the density matrix
(6) can be written in the concise form
σˆ(t) =
∑
n
cn |ψn(t)〉〈ψn(t)|, (15)
where for a = 1√
2
and b = 1√
2
eiϕ we have
|ψn(t)〉 = 1√
2
(
|0〉 ⊗ |n(t)〉 + eiϕ |1〉 ⊗ |n⊥(t)〉
)
. (16)
The states |n(t)〉 are all elements of the eigenbasis of Rˆ00(t)
and hence aremutually orthogonal, the same goes for the states
|n⊥(t)〉 = wˆ(t)|n(t)〉, which are all elements of the eigenbasis
of Rˆ11(t).
The “strict orthogonality” condition implies that each state
|n(t)〉 must be orthogonal to each state |n⊥(t)〉 (otherwise the
density matrices Rˆii(t) would not have orthogonal supports).
Hence if Rˆ00(t)Rˆ11(t) = 0, each state |ψn(t)〉 that enters the
decomposition (15) is a maximally entangled bipartite state of
Bell type, since the condition translates into
∀n〈n(t)|n⊥(t)〉 = 0. (17)
4Obviously, it is not a condition which can be fulfilled for more
than instances of time during the evolution, since the density
matrices Rˆ00(t) and Rˆ11(t), which specify the subsets of states
{|n(t)〉} and {|n⊥(t)〉}, have to be obtained from the same initial
environmental density matrix Rˆ(0) via a unitary evolution. In
Sec. VI we show exemplary evolutions where the condition is
fulfilled at certain points of time.
We will now use the convex-roof construction [3, 49], which
allows to generalize pure state entanglementmeasures tomixed
states by averaging entanglement over the entanglement of
the pure state components of a mixed state and additionally
minimizing the result over all pure state decompositions,
EF (σˆ) = min{ |φi 〉}
∑
i
piE(|φi〉〈φi |). (18)
Note that the states |φi〉, which enter the different decomposi-
tions σˆ =
∑
i pi |φi〉〈φi | do not need to constitute a basis. For
clarity, we will assume that the pure state entanglement mea-
sure is normalized, so it varies between zero and one, where
zero signifies separability and one is restricted to maximally
entangled states, E(|φ〉〈φ|) ∈ [0, 1]. The pure state measure
based on linear entropy used before (12) is an example, as
is normalized von Neumann entropy which is used to define
EOF.
For each state |ψn(t)〉 of eq. (16), we have
E(|ψn(t)〉〈ψn(t)|) = 1, so obviously, for the decomposition
(15) we have∑
n
cnE(|ψn(t)〉〈ψn(t)|) =
∑
n
cn = 1. (19)
This by itself does not answer the question if a state of form
(6) would yield the maximum value of EOF, since statistical
mixtures of maximally entangled states can have as little as
zero entanglement [50]. In general, the minimization over
all pure state decompositions requires numerical analysis and
becomes more involved with growing Hilbert space [51]. The
special feature here is that each state (16) occupies a different
subspace of the QE Hilbert space, so the matrix (15) is block
diagonal in these subspaces. Since the class of densitymatrices
under study is sparse and block-diagonal in 2× 2 subspaces, it
is straightforward to do the minimization analytically.
The states |ψn(t)〉 all constitute elements of the eigenbasis
of σˆ(t)with non-zero eigenvalues, every possible state to enter
each pure-state decomposition has to be a normalized linear
combination of the states |ψn(t)〉 [52]. Hence, every state |φi〉
can be written as
|φi〉 =
∑
n
αin |ψn(t)〉 (20)
=
1√
2
(
|0〉 ⊗
∑
n
αin |n(t)〉 + eiϕ |1〉 ⊗
∑
n
αin |n⊥(t)〉
)
.
The environmental state
∑
n α
i
n |n(t)〉 is orthogonal to its coun-
terpart
∑
n α
i
n |n⊥(t)〉, since each state in the subset {|n(t)〉} is
orthogonal to each state in the subset {|n⊥(t)〉}. This means
that it is impossible to find a decomposition which would not
yield
∑
i piE(|φi〉〈φi |) = 1.
Hence, because all possible decompositions of state (15)
with maximally entangled |ψn(t)〉 states involve only max-
imally entangled pure states, all convex-roof entanglement
measures (18) for the whole state will yield their maximum
value after minimization, similarly as the proposed PD en-
tanglement measure (9). This means that there exists a well
defined upper limit to the measure which coincides with the
upper limit of standard mixed-state entanglement measures.
We have already shown that the proposed QEE measure for
PD evolutions (9) is equal to zero iff the QE state is separable,
is equal to one iff EOF would reach its maximum value, and
that it reduces to a good entanglement measure for pure states.
We will now investigate its other properties.
D. Invariance under local unitary operations
Firstly, we show invariance under local unitary operations.
To this end we will separately demonstrate invariance in the
qubit subspace and in the subspace of the environment. A
unitary operation on the qubit, UQ ≡ UQ ⊗ IE , is equivalent
to rotation of the qubit pointer basis, |0〉 → |0′〉, |1〉 → |1′〉.
This does not change the form of the QE density matrix (6)
regardless if it is done on the initial state of the qubit or on the
full density matrix at time t, as long as the qubit basis states
are modified accordingly. Hence, the measure (9) remains a
QEE measure under the operation and, furthermore, its value
remains unchanged, E[UQσˆ(t)U†Q] = E[σˆ(t)].
A unitary operation on the environment, UE ≡ IQ ⊗ UE
transforms the density matrix (6) into
UE σˆ(t)U†E =
( |a|2UE Rˆ00(t)U†E ab∗UE Rˆ01(t)U†E
a∗bUE Rˆ10(t)U†E |b|2UE Rˆ11(t)U†E
)
. (21)
Since it is a basic property of the Fidelity that it does
not change under symmetrically applied unitary operations,
F
(
U ρˆ1U
†,U ρˆ2U†
)
= F (ρˆ1, ρˆ2), the entanglement measure
(9) yields the same value for the density matrix (21) as it
would for (6). Hence, unitary transformations on the environ-
ment also do not affect the amount of entanglement it signifies.
E. Monotonicity under local operations
Further study of the properties of themeasure (9) under local
operations requires a limitation on the possible operations,
since the function (9) does not exist for density matrices which
have a different structure than given in eq. (6). For this structure
to be maintained, only unitary operations are allowed on the
qubit subspace. There are no such limitations in the subspace
of the environment. We find that if a non-selective quantum
operation is performed on the environment, described by a
trace-preserving completely positive map Φ, the value of the
QEE measure cannot increase,
E (Φ(σˆ(t))) ≤ E(σˆ(t)). (22)
This is because the operation only affects environmental op-
erators Rˆij (t) in eq. (6), so only the Fidelity in the for-
mula for the QEE measure (9) changes under the opera-
tion. The Fidelity cannot decrease under such operations [53],
so F (Φ(R00(t)),Φ(R11(t))) ≥ F (R00(t), R11(t))) and conse-
quently the inequality (22) holds.
5IV. INTERPRETATION
In case of pure QE states, where the qubit and environment
interact in such a way that the qubit state undergoes pure de-
phasing (the interaction is described by a Hamiltonan that is of
the type given by eq. (2)), there exists a one-to-one correlation
between QEE, qubit decoherence, and the amount of “which
way” information about the qubit state that has been transferred
into the environment [8, 9]. This yields a very straightforward
interpretation of what it means when a qubit is entangled with
its environment. We will restate the argument here using the
language introduced above, and show that the argumentation
translates into mixed state QEE in terms of information trans-
fer, but not for decoherence. Furthermore, we will show how
the evolution of the PD entanglement measure (9) describes
the process of information transfer.
To this end, let us first study the evolution of the purity of
the qubit state which describes its level of decoherence. It is
given by
Trρˆ2(t) = 1 − 2|a|2 |b|2
(
1 − |TrRˆ01(t)|2
)
, (23)
where ρˆ(t) = TrE σˆ(t) is the density matrix of the qubit ob-
tained after tracing out the degrees of freedom of the environ-
ment from the QE density matrix (6). Initially the qubit state
is pure, so its purity is equal to one, but during the evolution it
may reach its minimum value, which is equal to 1 − 2|a|2 |b|2,
and is obtained when the off-diagonal elements of the qubit
density matrix are equal to zero. These elements are propor-
tional to |TrRˆ01(t)|, so the minimum purity possible for a given
initial state of the qubit is obtained for |TrRˆ01(t)| = 0. This
minimum value depends on the initial qubit state, because this
is pure dephasing (so the completely mixed qubit state with
ρˆ(t) = 1/2 can only be obtained for an equal superpostion
state). Hence the quantity of interest, which allows to compare
the level of coherence between two qubit states must nontriv-
ially depend on their initial state, since if the qubit is initially
in one of the pointer states, it will remain pure throughout
the evolution, while an initial equal superposition state may
become completely mixed.
For pure initial states of the environment described by the
state |R〉 as in Sec. III A (so that the whole initial QE state is
pure), we have
|TrRˆ01(t)|2 = Tr
(
wˆ0(t)|R〉〈R|wˆ†1(t)
)
Tr
(
wˆ1(t)|R〉〈R|wˆ†0(t)
)
= 〈R|wˆ†1(t)wˆ0(t)|R〉〈R|wˆ†0(t)wˆ1(t)|R〉
= 〈R|wˆ†1(t)Rˆ00(t)wˆ1(t)|R〉 = 〈R1(t)|Rˆ00(t)|R1(t)〉
= F
(
Rˆ00(t), Rˆ11(t)
)
(24)
since Rˆ(0) = |R〉〈R| and Rˆ11(t) = |R1(t)〉〈R1(t)| =
wˆ1(t)|R〉〈R|wˆ†1(t). Hence for pure QE states, qubit purity de-
pends directly on how different the conditional states of the
environment are, which is measured by the Fidelity between
them.
This means that there can be no decoherence if no infor-
mation about the qubit state is present in the environment.
The level of pure dephasing (quantified by the reduction of
the off-diagonal elements of the qubit density matrix written
in the basis of pointer states) depends solely on the degree of
this information transfer (since it is proportional to |TrRˆ01(t)|),
but the decoherence in general, which is quantified by the loss
of purity, also depends on the initial state of the qubit, which
quantifies howmuch informationwhich can be transferred into
the environment is initially present in the state. Pure state QE
entanglement is inversely proportional to purity and as such,
the generation of entanglement during pure dephasing can be
interpreted as a process during which the information about
the qubit state is encoded in the environment.
For mixed states there is no inherent link between decoher-
ence and the transfer of information about the qubit state into
the environment, since the transformation between the condi-
tional density matrices of the environment Rˆ00(t) and Rˆ11(t),
and the environmental matrices responsible for decoherence
Rˆ01(t) as shown for pure states by eqs (24), cannot be made.
In fact, pure dephasing can occur as a result of the buildup of
classical QE correlations while Rˆ00(t) = Rˆ11(t) [11, 13, 20–
25].
On the other hand, the form of the PD entanglement mea-
sure (9) directly links the amount of QEE present in the sys-
tem with the Fidelity between the conditional environmental
states, which quantifies how much information about the sys-
tem state was transferred into the environment, normalized by
the amount of informationpresent in the initial qubit state to be
transferred (as described by the coefficients of the qubit super-
position written in the basis of its pointer states). This means
that although the link between qubit decoherence and QEE
generation cannot be generalized from pure states to mixed
states, the correlation between QEE and information transfer
can. In fact, the decoherence which is a result of the buildup
of classical correlations can be distinguished from decoher-
ence resulting from QEE by the study of information transfer
[12, 54] and this information transfer is experimentally de-
tectable in more involved procedures performed on the qubit
alone [55, 56]. Hence in the case of any PD evolution, QEE
generation can be interpreted as a process in which information
about the qubit state is being encoded in the joint QE state.
V. COMPUTATIONAL ADVANTAGE
Using the measure (9) to quantify qubit-environment entan-
glement always requires diagonalization of matrices half the
size of those which have to be diagonalized to find Negativity
of the same state. This is because only the Fidelity between
conditional density matrices of the environment (17) of di-
mension N has to be found, while finding Negativity requires
diagonalization of a matrix of the same size as the whole QE
system, which is obviously 2N .
There are situations when the computational advantage of
the PD measure becomes much more pronounced due to the
properties of the Fidelity. For an environment consisting K
qudits, each of dimension dk , where k labels the qudits, the
evolution of entanglement will become particularly simple to
study if there are no inter-qudit correlations in the conditional
6states of the environment. The lack of correlations at time
t means that each conditional state of the environment is of
product form with respect to the different qudits,
Rˆii(t) =
K⊗
k=1
Rˆkii(t). (25)
The Fidelity can then be obtained using eq. (10) by calculating
the Fidelity of each qudit separately and the value of the PD
entanglement measure is then given by
E[σˆ(t)] = 4|a|2 |b|2
[
1 −
K∏
k=1
F
(
Rˆk00(t), Rˆk11(t)
)]
. (26)
Finding this value now requires K diagonalizations, but of
matrices which are of dimensions given by dk , which is al-
ways substantially smaller than the whole dimension of the
environment, N =
∏
k dk . Note that this does not particularly
simplify the form of the whole QE state at time t (6) and is
of little help when such entanglement measures as Negativity
are evaluated, because the product form of the matrices Rˆii(t)
does not translate into a form of the full density matrix which
is easier to diagonalize (after partial transposition or not).
The obvious scenario which leads to a product form of the
conditional environmental density matrices (25) is the one
where there are no initial inter-qudit correlations,
Rˆ(0) =
K⊗
k=1
Rˆk(0) (27)
and the full QE Hamiltonian (2) can be written as a sum over
environmental qudits,
Hˆ =
K∑
k=1
Hˆk . (28)
The operators Vˆi in the PD Hamiltonian must obviously also
have this property,
Vˆi =
K∑
k=1
Vˆki , (29)
so the resulting conditional evolution operators of the environ-
ment have to be of product form
wˆi(t) =
K⊗
k=1
wˆ
k
i (t). (30)
Consequently all of the environmental matrices which enter
the full QE density matrix (6) have product form
Rˆij (t) =
K⊗
k=1
Rˆkij (t), (31)
with Rˆk
ij
(t) = wˆk
i
(t)Rˆk(0)wˆk†
i
(t), including the conditional den-
sity matrices of the environment.
The assumptions of lack of interactions and correlations be-
tween constituents of the environment are reasonable for many
qubits which undergo pure dephasing as their dominating de-
coherence mechanism. For example, for a qubit defined on an
NV center interacting with an environment of carbon nuclear
spins, the decoherence occurs onmuch shorter timescales than
nuclear dynamics [57, 58]. The system is therefore effectively
described by a Hamiltonian of the form (2) with an environ-
ment of noninteracting spin qubits (spinful carbon isotopes
have spin-1/2 nuclei). It is straightforward to find systems for
which the environment consists of different nulcear spins, such
as qubits defined on the spin of an electron confined in a quan-
tum dot, where the material makeup of the dot stipulates the
nuclear spin environment [59, 60] and for high magnetic fields
such qubits undergo pure dephasing [61–63]. Incidentally, for
these types of interactions to be entangling, the initial state of
the environment has to be polarized [19]. An example where
the environment is of a different nature consists of an excitonic
qubit interactingwith a phonon environment [64–67], which is
a physical realization of the spin-boson model. Here the envi-
ronmental qudits (each composed of a different phononmode)
are in principle of infinite dimension, but for temperatures up
to a few Kelvin, the evolution of each phonon mode can be
reliably described using less than ten lowest energy states [18].
VI. EXEMPLARY EVOLUTIONS: AN ENVIRONMENT OF
NON-INTERACTING QUBITS
Let us study a PD evolution between a qubit and an en-
vironment consisting K qubits, so dk = 2 for all k and the
dimension of the whole environment is N = 2K . The evolu-
tion of entanglement will be particularly simple to study using
the PD entanglement measure (9) if there are no correlations
between the qubits of the environment initially and no interac-
tion between them, as described in the previous section. Such
a scenario is complex enough to capture the relevant features
of QEE, while allowing for its analytical description.
We therefore assume that the environmental qubits are ini-
tially in a product state (27), and the system qubit interacts
with each environmental qubit separately, so that the full QE
Hamiltonian is of the form (28). To further simplify the anal-
ysis of the possible evolutions of QEE we will assume that the
interaction is fully asymmetric, meaning that for all k, the evo-
lution operators of the environment conditional on the qubit
being in state |0〉 are equal to unity, wˆk0 (t) = I. This is in fact
an assumption that does not limit the generality of the study,
since it is always possible to asymmetrize any PD evolution by
local unitary operations [11], and local unitary operations do
not change the amount of entanglement [3, 40, 68, 69].
In the following we will always assume that the initial state
of the system qubit is an equal superposition of its pointer
states |0〉 and |1〉.
We choose a simple interaction which would periodically
lead to the emergence of a maximally entangled state in the
case of an environment consisting of a single qubit initially
in state |0〉 or |1〉. To this end, we will consider conditional
environmental evolution operators of the form
wˆ
k
1 (t) = eiωk t |+〉kk〈+| + e−iωk t |−〉kk〈−|, (32)
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FIG. 1. Evolution of QEE and coherence for all environmental qubits
in the same initial state. Top panel: QEE for K = 10 environmental
qubits at different initial purities (solid, blue lines; dotted blue line
corresponds to c0 = 1). Dashed red line shows the corresponding
coherence of the system qubit. Bottom panel: QEE (curves starting
at zero) and cohrerence (curves starting at one) for a varying number
of environmental qubits K for c0 = 0.6. Solid, purple lines - K = 10;
dashed, red lines -K = 20; dotted, blue lines -K = 40; dashed-dotted,
yellow lines - K = 80.
with the states |±〉k = 1√
2
(|0〉k ± |1〉k) given in the sub-
space of evironmental qubit k. The basis {|0〉k, |1〉k} is
the basis in which the initial state of qubit k is diagonal,
Rˆk(0) = ck0 |0〉kk〈0| + ck1 |1〉kk〈1|. Here, we have assumed that
the interaction of the qubit with each environmental qubit is of
the same type, but the values of ωk may differ with k.
The coherence of the systemqubit in this case is proportional
to
TrRˆ01(t) =
N∏
k=1
TrRˆk01(t) =
N∏
k=1
cosωk t (33)
and is independent of the parameters of the initial environmen-
tal qubit states ck0 and c
k
1 . This is a consequence of the choice
of interaction together with a limitation on the possible initial
states of the environment, but it will be very convenient, when
comparing different scenarios which lead to the same deco-
herence curves while the time-evolution of QEE will differ
considerably.
It is straightforward to find the conditional evolution of each
environmental qubit and we get
Rˆk11(t) (34)
=
(
ck0 cos
2 ωk t + c
k
1 sin
2 ωk t −i(ck0 − ck1 ) sinωk t cosωk t
i(ck0 − ck1 ) sinωk t cosωk t ck0 sin2 ωk t + ck1 cos2 ωk t
)
,
while Rˆk00(t) = Rˆk(0) due to the assumed asymmetry. In this
case we can find the Fidelity for each environmental qubit at
time t, which is given by
F
(
Rˆk00(t), Rˆk11(t)
)
=
(√
λk
+
+
√
λk−
)2
, (35)
with
λk± =
(
ck20 + c
k2
1
)
cos2 ωk t + 2ck0 c
k
1 sin
2 ωk t ±
√
∆k
2
(36)
and
∆
k
=
(
ck20 − ck21
)2
cos4 ωk t (37)
+4ck0 c
k
1
(
ck0 − ck1
)2
cos2 ωk t sin
2 ωk t.
Before we study an environment composed of many qubits,
let us note a couple of the properties of the single qubit Fidelity
between conditional environmental states (35). Firstly, this
Fidelity remains equal to one throughout the evolution only
for a maximally mixed initial state of environmental qubit k,
ck0 = c
k
1 = 1/2, for which the joint evolution of the system
qubit and the single environment k would have been separable
at all times [11]. Hence, the presence of such environmental
qubits does not contribute to the value of the PD entanglement
measure (9), even though it does contribute to the decoherence
of the system qubit (33). On the other hand, zero Fidelity is
only possible if the initial state of environment k is pure (ck0 = 0
or ck1 = 0) and will occur only at instances of time when
cosωk t = 0. This is in concurrence with the requirement
for “strict orthogonality” proven in Ref. [46], that it is only
possible for initial environmental states which have at least
half of the occupations equal to zero after diagonalization. A
qubit state with half of its occupations equal to zero is pure.
Fig. 1 shows the time-evolution of QEE with each environ-
mental qubit initially in the same state characterized by the
occupation ck0 = c0. In the upper panel, the number of en-
vironmental qubits is set to K = 10, which means that the
dimension of the environment N h 103. The qubits (except
for the system qubit) are labeled by the index k = 1, 2, . . . ,K
and the constants which govern the conditional evolution of
each qubit (32) were obtained using the formula
ωk =
2ωm
K(K + 1) k, (38)
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FIG. 2. Evolution of QEE for the k-th environmental qubit in a pure
initial state (K = 10). Top panel: QEE with k = 2 and 9 qubits
in initial state with: solid, purple line - c0 = 1; dashed, red line -
c0 = 0.8; dotted, blue line - c0 = 0.7; dashed-dotted, yellow line -
c0 = 0.6. Bottom panel: QEE for nine environmental qubits in initial
state with c0 = 0.6 and qubit j in a pure state with: solid, purple
line - j = 1; dashed, red line - j = 2; dotted, blue line - j = 3;
dashed-dotted, yellow line - j = 4.
so that
∑
k ωk = ωm regardless of the value of K . The solid,
blue lines correspond to mixed states with different values of
c0 ∈ [1/2, 1), so that a higher value corresponds to a greater
purity, since the initial purity of the environment is given by
P(Rˆ(0)) =
∏
k
P(Rˆk(0)) = [1 − 2c0(1 − c0)]K . (39)
The dotted, blue line shows the evolution of QEE for a pure
initial state c0 = 1, while the dashed, red line shows the evo-
lution of coherence given by eq. (33), which is the same for
all four QEE evolutions. Unsurprisingly, the higher the pu-
rity of the initial state, the greater values of QEE are reached
during the evolution. Nevertheless, we may observe details
of the QEE evolution which are otherwise unobservable, such
as small oscillations, the amplitude of which is damped with
higher purity.
The bottom panel of Fig. 1 shows the evolutions of QEE and
the corresponding coherence for a set purity with c0 = 0.6, but
with a varying number of environmental qubits, K = 10, 20, 40
and 80. K = 80means that the environment of dimension N h
1024, yet the results are still obtained with little computational
effort.
The results of Fig. 2 serve to illustrate the possibility of ob-
taining the maximum value of the PD entanglement measure
for mixed initial states of the environment. All curves were
obtained for K = 10. Now the initial state of the environment
is modified by the state of a single qubit (labeled by j), which
is initially in a pure state with c j0 = 1. In the upper panel, the
evolution of QEE is plotted for j = 2, for different values of
c0, which determines the initial state of all of the other envi-
ronmental qubits as before. There is a significant difference in
the evolution (the evolution is plotted for a longer time, corre-
sponding to half of the time required for the whole QE system
to reach its initial state), even though this change of the initial
state of the environment has not modified the decoherence.
Most significantly, points of time are observed for which the
PD entanglement measure reaches its maximum value, even
though the QE state is mixed.
In the bottom panel, the curves have a set purity, but they
correspond to different coefficients j = 1, 2, 3, and 4. Since
different coefficients correspond to different frequencies (38),
this variation leads to significant changes in theQEE evolution.
Note that the decoherence is always the same as is given in the
upper panel of Fig. 1.
VII. CONCLUSION
To conclude, we have proposed a measure of entanglement
between a qubit and an arbitrarily large environment specially
tailored to quantify entanglement generated during interac-
tions that lead to dephasing of the qubit (for pure initial qubit
states). The function ranges between zero and one, and it is
zero iff the qubit and environment are in a separable state.
Furthermore, it reduces to a good entanglement measure for
pure states, namely the normalized linear entropy and has good
properties under unitary local operations and the allowed non-
unitary local operations (otherwise themeasure is incalculable,
but does not yield false results). It therefore fulfills more than
the basic criteria for an entanglement measure.
The measure has a number of advantages compared to other
measures, which can be used to quantify entanglement when
one of the studied systems is arbitrarily large. It can be calcu-
lated directly from the QE density matrix and requires diago-
nalization of matrices half the dimension of those which need
to be diagonalized to find Negativity [70–72]. This may not
seem as much, but can be enough to facilitate the transition
from an incalculable to a calculable quantity for larger environ-
ments. The calculation of the measure does not in fact require
the knowledge of thewholeQE state; it requires the initial state
of the qubit and the states of the environment conditional on
qubit pointer states. Because of the properties of the Fidelity,
the calculation drastically simplifies when the evolution does
9not induce correlations between different components of the
environment.
Furthermore, the measure has a direct physical interpreta-
tion, setting it apart from all other measures of mixed state
entanglement. Namely, it relates, how much the two condi-
tional states of the environment differ from one another, so
consequently, how much information about the state of the
qubit has been transferred into the state of the environment
throughout the evolution. This information is transferred only
when the evolution is entangling, the same as in case of pure
states [8, 9], but contrary to pure states, the lack of information
transfer does not translate to lack of qubit decoherence.
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